Theorem 1.5. A smooth cubic fourfold X ⊂ P 5 with equation x 3 5 = f (x 0 , · · · , x 4 ) is K-stable hence admits Kähler-Einstein metrics.
Along the proof, we show that G-equivariant K-stability can be tested by G-equivariant special test configurations when G is a finite group, generalizing a result of Li and Xu [LX14] .
Theorem 1.4. Let (X, D) be a log Fano pair. Let G < Aut(X, D) be a finite group action on X. If Fut(X , D; L) ≥ 0 for all G-equivariant special test configurations (X , D; L) of (X, D), then (X, D) is G-equivariantly K-semistable.
As an application, we show that smooth cubic fourfolds of cyclic cover type are Kstable. Such cubic fourfolds were studied by Allcock, Carlson, and Toledo [ACT11] where the authors relate their period map to moduli spaces of cubic threefolds.
Preliminaries
In this section, we recall the definitions of K-stability and equivariant K-stability. We also include other related notions and results about K-stability that will be used in later sections.
2.1. Test configurations and K-stability. Definition 2.1. A log Fano pair (X, D) is a normal projective variety X together with an effective Q-divisor D such that −(K X + D) is Q-Cartier ample, and (X, D) has klt singularities. A group action G on (X, D) is an algebraic subgroup G < Aut(X, D).
In the following definition, we define G-equivariant K-(poly/semi)stability. Note that the usual definition of K-(poly/semi)stability can be recovered by taking G to be the trivial group.
Definition 2.2 ([Tia97, Don02, OS12, LX14, Li15, OS15]). Let (X, D) be an n-dimensional log Fano pair with an action of a group G. Let L be an ample line bundle on X such that L ∼ −l(K X + D) for some l ∈ Z >0 .
(1) A G-equivariant test configuration 1 (X , D; L)/A 1 of (X, D; L) consists of the following data:
• a normal variety X , an effective Q-divisor D on X , together with a flat projective morphism π : (X , Supp(D)) → A 1 ; • a π-ample line bundle L on X ;
• a G × G m -action on (X , D; L) such that π is G × G m -equivariant with respect to the trivial action of G on A 1 and the standard action of G m on A 1 via multiplication; • (X \ X 0 , D| X \X 0 ; L| X \X 0 ) is G × G m -equivariantly isomorphic to (X, D; L) × (A 1 \ {0}).
(2) A G-equivariant test configuration is called a product test configuration if (X , D; L) ∼ = (X × A 1 , D × A 1 ; pr * 1 L ⊗ pr * 2 O A 1 (k · 0)) for some k ∈ Z. A product test configuration is called a trivial test configuration if the above isomorphism is G × G m -equivariant with respect to the given G-action on X, trivial G m -action on X, trivial G-action on A 1 , and the standard G m -action on A 1 via multiplication.
A G-equivariant test configuration (X , D; L) is called a G-equivariant special test configuration if L ∼ Q −l(K X /A 1 + D) and (X , X 0 + D) is plt. In this case, we say that (X, D) G-equivariantly specially degenerates to (X 0 , D 0 ) which is necessarily a log Fano pair.
The generalized Futaki invariant of (X , D; L) is defined by the intersection formula
(2.1) (4) The log Fano pair (X, D) is said to be • G-equivariantly K-semistable if Fut(X , D; L) ≥ 0 for any G-equivariant test configuration (X , D; L)/A 1 and any l ∈ Q >0 such that L is Cartier. • G-equivariantly K-stable if it is G-equivariantly K-semistable and Fut(X , D; L) = 0 for a G-equivariant test configuration (X , D; L)/A 1 if and only if it is a trivial test configuration.
In order to define uniform K-stability, we first recall the definition of J NA (X , D; L) following [Fuj19b] . Given a test configuration (X , D; L) of (X,
be a common normal birational model of X × P 1 and X . We set
and define
(n + 1)L n Note that J NA (X , D; L) can be viewed as the norm of (X , L), and J NA (X , D; L) = 0 if and only if (X , D; L) is a trivial test configuration. Definition 2.3. A log Fano pair (X, D) with a G-action is G-equivariantly uniformly K-stable if there exists ǫ ∈ (0, 1), such that Fut(X , D; L) ≥ ǫJ NA (X , D; L) for any Gequivariant test configuration (X , D; L)/A 1 and any l ∈ Q >0 such that L is Cartier.
2.2.
Valuative criterion and stability thresholds. We recall the valuative criteria for K-stability developed by Fujita [Fuj19b] and Li [Li17] . For simplicity, we only state results for equivariant K-stability under finite group action following [Zhu19] . The original version of valuative criteria can be recovered by taking the group action G to be the trivial one, and we will omit G in the corresponding notations in this case.
Let G < Aut(X, D) be a finite group action on a log Fano pair (X, D). For any prime divisor F over X, let π : Y → X be an G-equivariant proper birational morphism such that F is a prime divisor on Y . Denote by G · F = i F i the sum of all the prime divisors in the orbit of F under G-action. We define
where A (X,D) (F ) is the log discrepancy of F with respect to the pair (X, D). A prime divisor F over X is called G-dreamy if the graded ring
is finitely generated.
We also define
Theorem 2.4. [Zhu19, Theorem A] Under the above notation, we have the following characterization of K-stability in terms of β G :
(1) The following are equivalent: (i) (X, D) is G-equivariantly uniformly K-stable;
(ii) there exists 0 < ǫ < 1, such that β G (F ) ≥ ǫj G (F ) for any prime divisor F over X; (iii) there exists 0 < ǫ < 1, such that β G (F ) ≥ ǫj G (F ) for any G-dreamy prime divisor F over X.
(2) The following are equivalent:
The following are equivalent:
Definition 2.5. Following [BJ17] , we define the G-equivariant stability threshold of a log Fano pair (X, D) as
where F runs through all prime divisors over X. When G is the identity group, we simply denote S G (F ) by S(F ) and δ G (X, D) by δ(X, D).
Note that the original definition of δ(X, D) introduced by Fujita and Odaka in [FO18] involves the log canonical thresholds of basis type divisors. By the work of Blum and Jonsson in [BJ17] , the two definitions (when G is trivial) are equivalent. By similar arguments in the proof of Proposition 3.11 in [BJ17] when G is trivial (See also [Zhu19, Proof of Theorem 5.1]), for any prime divisor F over X, we also have
Then using Blum-Jonsson's definition, we see that the name stability threshold comes from the following immediate consequence of Theorem 2.4:
Corollary 2.6. Under the above notation, we have (1) (X, D) is G-equivariantly K-semistable if and only if δ G (X, D) ≥ 1;
(2) (X, D) is G-equivariantly uniformly K-stable if and only if δ G (X, D) > 1.
Remark 2.7. In [Gol19], Golota defines equivariant stability threshold for connected algebraic group action by taking the infimum in (2.2) among invariant prime divisors over X, although for finite group action, they use invariant basis type divisors instead. It is an interesting question whether our δ G coincides with Golota's definition when G is a finite group.
2.3. Normalized volumes and Kollár components. Let x ∈ (X, D) be an n-dimensional klt singularity. Denote by Val X,x the R-valued valuations on C(X) centered at x. For any valuation v ∈ Val X,x , the volume of v is defined as
where a m (v) is the ideal sheaf of regular functions with vanishing order at least m with respect to the valuation v, and l is the length. The normalized volume function vol introduced by Li in [Li18] is defined as
It is proven by Blum [Blu18] that there always exists a valuation v min which minimizes vol. Note that for klt singularities, such minimizing normalized volume vol (X,D),x (v min ) (also called the local volume of x ∈ (X, D)) is always positive by [Li18, Blu18] . Next we define Kollár components over a klt singularity x ∈ (X, D) following [LX16] .
Therefore we can consider the normalized volume vol (X,D),x (ord S ). It is proven by Li and Xu [LX16] that there exists a sequence S k of Kollár components such that vol (X,D),x (ord S k ) converges to vol (X,D),x (v min ) as k → ∞. Please refer to [LX16, LLX18] for more details about the relation between normalized volume, Kollár components, and K-semistability.
2.4. Log Fano K-moduli spaces. In this section, we collect useful results from recent progress on the algebro-geometric construction of K-moduli spaces of log Fano pairs. Definition 2.9. Let n ∈ Z >0 , V ∈ Q >0 , and I ⊂ [0, 1] ∩ Q be a finite subset that is closed under addition 3 . We define the moduli pseudo-functor M Kss,sn n,I,V over seminormal schemes S of finite type over C as The following theorem follows from recent developments in the algebro-geometric construction of log Fano K-moduli spaces. Proof. Boundedness follows from [Jia17] and its generalization to log Fano pairs (see [Che18] 
(1) f induces an isomorphism of stablizer groups at all points;
(2) f sends closed points to closed points;
(
Special test configurations and equivariant K-stability
In this section, we consider the relation between G-equivariant K-semistability and Ksemistability of the quotient. As a consequence, we prove Theorem 1.4 which states that in order to check G-equivariant K-semistability, it is enough to examine only G-equivariant special test configurations. We first fix some notation in this section. Let G be a finite group action on a log Fano pair (X, D), and σ : X → Y := X/G the quotient map. By the canonical bundle formula, we have
and R runs through all ramification divisors and e R is the ramification index of R. Now let B i be the collection of irreducible branch divisors on Y . Then we have
Note that for each B i , the relevant ramification divisors with σ(R) = B i all have the same ramification index since they belong to the same G-orbit, and we denote the common e R by e i . Let
Then we have K X +D = σ * (K Y +B), and the pair (Y, B) is log Fano by [KM98, Proposition 5.20].
Definition 3.1. We say a finite surjective morphism σ : (X, D) → (Y, B) between log Fano pairs is a Galois morphism if there exists a finite group G acts on (X, D) such that
Example 3.2. Consider the Galois morphism π :
Indeed, by direct computation of stabiliy thresholds using definition, we have
Example 3.3. Let ∆(l, m, n) be a triangle group and assume l ≤ m ≤ n. For suitable choice of l, m, n with 1/l+1/m+1/n > 1, ∆(l, m, n) is a finite group generated by reflections across the sides of a triangle on a real 2-sphere with angles π/l, π/m, π/n. Denote by a, b, c the three reflections generating ∆(l, m, n). Consider the subgroup D(l, m, n) < ∆(l, m, n) generated by ab, bc and ca, which are rotations centered at the vertices of the triangle by the angles of 2π/l, 2π/m and 2π/n respectively. Note that D(l, m, n) can be considered as an algebraic group action on P 1 without any fixed point. Denote by G the representation of D(l, m, n) inside Aut(P 1 ) = PGL(2, C). By taking the quotient under G-action, we get a log Fano pair
where p 1 , p 2 and p 3 are the three fixed points of the three rotations respectively. By direct computation of stability thresholds using definitions, we have
Therefore we know that the pair P 1 , l−1 l p 1 , m−1 m p 2 , n−1 n p 3 is uniformly K-stable and P 1 is G-equivariantly uniformly K-stable.
Next, under the above notation, we show the equivalence between various G-equivariant K-stability conditions of (X, D) and corresponding K-stability conditions of its quotient (Y, B).
Proposition 3.4. Under the above notation, we have the following:
Proof.
(1) For the "only if" part, We mostly follow the same idea as in [Fuj19a, Proof of Corollary 1.7]. Assume (X, D) is G-equivariantly K-semistable. For any divisor F over Y , it suffices to show that β(F ) ≥ 0. Let f : Y ′ → Y be a birational morphism such that F is a divisor on Y ′ . Consider the following diagram
Since σ ′ is the quotient map of the G-action, all the e F ′ i 's are the same which we denote by e F . By [KM08, Proof of Proposition 5.20], we have the following relation between log discrepancies
and by [Fuj19a, Lemma 4.1], we know that
where deg(σ ′ ) = |G|. Therefore, we have
where the last inequality follows from 2.4. This finishes the proof of the "only if" part.
Next we treat the "if" part. Assume (Y, B) is K-semistable. Let (X , D; L) be any Gequivariant test configuration of (X, D). Since G is finite, we may take r := |G| such that any stabilizer subgroup G x < G of x ∈ X acts trivially on L ⊗r
x . By taking the quotient map σ X : X → Y := X /G, we get a test configuration (Y, B; M) of (Y, B), where B is the Zariski closure of B on the general fibers such that K X + D = σ * X (K Y + B), and M is the descent line bundle of L ⊗r to Y.
Note that after compactifying the test configurations over P 1 , we have a quotient map σ X : X → Y which naturally extends σ X . Moreover, we have
By the intersection formula of generalized Futaki invariants (2.1) and K-semistability of (Y, B), we have 0 ≤ Fut(Y, B; M) = Fut(X , D; L ⊗r ) = Fut(X , D; L).
Thus (X, D) is G-equivariantly K-semistable. This finishes the proof of the "if" part. Hence we finish the proof of part (1).
(2) We first treat the "only if" part. Indeed, from the proof of the"only if" part of part (1), for any prime divisor F over Y , we have
For the "if" part, take G-dreamy prime divisor F ′ 1 over (X, D) and let F ′ 1 . . . , F ′ m form the orbit of F ′ 1 under G-action. Let F be the image of F ′ i 's under the quotient map σ, and e F the ramification index of all F ′ i 's. Consider the G-invariant filtration on R j = H 0 (X, −j(K X + D)) determined by F ′ 1 :
If we take G-invariant sections of F x (X,D) R j , we get sections of the following filtration on
Without loss of generality, we may assume the above two filtrations are finitely generated in degree one of the grading j. Then taking the quotient under the G-action of the Gequivariant test configuration of (X, D)
, we get the test configuration of (Y, B) induced by F :
, The same argument in the proof of the "if" part of part (1) gives the equality of generalized Futaki invariants of the above two test configurations. From the computation of generalized Futaki invariants of test configurations induced by dreamy divisors in [Fuj19b] (and in [Zhu19] for the G-equivariant case), we know that β G (F ′ 1 ) = e F |G|β(F ). Note that since e F A (Y,B) (F ) = A (X,D) (F ′ i ), then we also have S G (F ′ 1 ) = e F S(F ). Then by the valuative criteria in Theorem 2.4, we know that if (Y, B) is (uniformly) K-stable, then (X, D) is G-equivariantly (uniformly) K-stable. Proposition 3.8. Under the above notation, any G-equivariant special test configuration (X , D) of (X, D) produces a special test configuration (Y, B) of (Y, B) by taking quotient of G-action. Two G-equivariant special test configurations of (X, D) have isomorphic quotients if and only if they are isomorphic. Conversely, for any special test configuration (Y, B) of (Y, B), there exists a positive integer d such that the test configuration
Proof. For simplicity we omit the polarization for special test configurations. Suppose (X , D) is a G-equivariant special test configuration of (X, D). Then by taking quotient of G, we obtain a test configuration (Y, B) of (Y, B) where σ X : X → Y = X /G is the quotient map and B satisfies K X + D = σ * X (K Y + B). Since (X , D + X 0 ) is plt, by [KM98, Proposition 5.20] we know that (Y, B + Y 0 ) is also plt which implies that (Y, B) is special.
Next we prove the injectivity of this quotient construction. Suppose (X , D) and (X ′ , D ′ ) are two G-equivariant special test configurations of (X, D) with isomorphic quotient (Y, B) ∼ = (Y ′ , B ′ ). Consider the two G-invariant valuations v := ord X 0 | C(X) and v ′ := ord X ′ 0 | C(X) . Then it is clear that
Thus
Conversely, let (Y, B) be a non-trivial special test configuration of (Y, B). We will construct (X , D) using the cone construction from [Li17, LWX18] . By [BHJ17, Lemma 4.1], we have ord 
By taking the Rees construction, we denote
Then from [LWX18, Section 3] we know that (Z, D, ξ; η) → A 1 provides a G-equivariant special test configuration of the log Fano cone (Z, D, ξ) where ξ corresponds to the grading of k and η := t∂ t . By taking Proj from (3.1) with respect to the grading of j, we obtain a G-equivariant special test configuration (X , D) of (X, D). From the above construction, we have ord S k | C(X) = ord X 0 | C(X) . Denote by (Y ′ , B ′ ) the quotient of (X , D) by the G-action.
). The proof is finished. Now we would like to prove Theorem 1.4.
Proof of Theorem 1.4. Assume to the contrary that (X, D) is G-equivariantly K-unstable. By Proposition 3.4, we know that (Y, B) is K-unstable. Hence by [LX14] there exists a special test configuration (Y, B) of (Y, B) such that Fut(Y, B) < 0. Then Proposition 3.8 implies that there exists a G-equivariant special test configuration (X , D) of (X, D) and d ∈ Z >0 such that (Y (d) , B (d) ) is obtained by quotient of the G-action on (X , D). By the intersection formula of generalized Futaki invariants (2.1), we have
This is a contradiction.
Proof of main theorems
In this section, we prove our main results Theorems 1.1, 1.2, and Corollary 1.3. The following theorem in [BL18b] allows us to perturb boundaries for a K-semistable Fano pair, and we will use it repeatedly throughout the section. Here we state the version of the theorem for log Fano pairs. 
Proof of Theorem 1.1. We first prove the K-semistable part. Assume that the log Fano pair (X, D) is G-equivariantly K-semistable. Using notation as before, we consider the quotient map of (X, D) under G as σ : (X, D) → (Y, B) where (Y, B) is also a log Fano pair. By Proposition 3.4, we know that (Y, B) is K-semistable. Then by Theorem 4.1, for any ǫ > 0, we can find ∆ ′ ∈ |− (K Y + B)| Q such that (Y, B + ǫ∆ ′ ) is uniformly K-stable. By is K-polystable, we know that (X , D) is a product test configuration. Let λ : G m → Aut(X, D) be the 1-PS inducing (X , D). Then (X , D) being G-equivariant implies that lim t→0 λ(t) · g · λ(t) −1 exists for any g ∈ G. Since Aut(X, D) is reductive by [ABHLX19] , by [Ric88] we know that representations of G in Aut(X, D) has closed conjugacy classes. In particular, the group G ′ := {lim t→0 λ(t) · g · λ(t) −1 | g ∈ G} is conjugate to G in Aut(X, D).
For the "if" direction, suppose (Y, B) is K-polystable. Then by part (1) we know that (X, D) is K-semistable. Let (X , D) be a special test configuration of (X, D) such that Fut(X , D) = 0. According to Proposition 3.8, after taking G-quotient we obtain a special test configuration (Y, B) of (Y, B) with Fut(Y, B) = 0. Hence (Y, B) is a product test configuration induced by a 1-PS λ : G m → Aut(Y, B) . Since π is finite, there exists d ∈ Z >0 such that λ d lifts to a 1-PS λ ′ : G m → Aut(X, D). By Proposition 3.8, we know that (X (d) , D (d) ) is isomorphic to the product test configuration induced by λ ′ since they have isomorphic quotients. Thus (X , D) is also a product test configuration.
(3) Let δ := δ(X, D) and δ ′ := δ(Y, B). By the computation in [Fuj19a, Proof of Corollary 1.7], we know that 
Let (Y, B) be the quotient of (X, D) under the G-action. Denote by σ : X → Y the quotient map. Then there is a one-to-one correspondence between G-invariant Q-divisors ∆ ∈ | − K X − D| Q and Q-divisors ∆ ′ ∈ | − K Y − B| Q via ∆ = σ * ∆ ′ . By [KM98, Proposition 5 .20] we know that lct(X, D; ∆) = lct(Y, B; ∆ ′ ). Hence α G (X, D) = α(Y, B). Thus α G (X, D) ≥ n n+1 (resp. > n n+1 ) implies α(Y, B) ≥ n n+1 (resp. > n n+1 ), which by [OS12, FO18] implies that (Y, B) is K-semistable (resp. uniformly K-stable hence admits weak conical Kähler-Einstein metrics by [LTW19] ). Thus the proof is finished by Theorem 1.2.
Applications
In this section we present some applications of our main theorems.
Theorem 5.1. Let B be a hypersurface in P n of degree 2 ≤ d ≤ n. Let e ≥ 2 be a positive integer that divides d. Let X be the degree e cyclic cover of P n branched along B. Then X is K-semistable (resp. K-polystable) if B is K-semistable (resp. K-polystable).
Proof. By Theorem 1.2, it suffices to show that (P n , (1 − 1 e )B) is K-semistable (resp. Kpolystable) if B is K-semistable (resp. K-polystable). We first assume that B is Ksemistable. Denote by r := n+1 d −1 so that −K P n ∼ Q (1+r , we know that (P n , (1 − 1 e )B) is K-semistable. If moreover that B is K-polystable, then by [PT06] we know that B is GIT polystable. Then [ADL19, Theorem 1.4] implies that (P n , ǫB) is K-polystable. Then the same interpolation results imply that (P n , (1− 1 e )B) is K-polystable. The proof is finished.
Remark 5.2. Note that similar results to Theorem 5.1 are obtained in [AGP06] and [Der16] where they considered cyclic covers of Fano varieties with branch loci being Calabi-Yau or of general type, while our branch loci are Fano.
The following result characterizes the K-moduli space of cubic fourfolds of cyclic cover type. It also implies Theorem 1.5.
Theorem 5.3. Let X ⊂ P 5 be the cubic fourfold with equation x 3 5 = f (x 0 , · · · , x 4 ). Denote by B = (f = 0) ⊂ P 4 the ramification locus of the cyclic covering map X → P 4 as a cubic threefold. Then X is K-semistable (resp. K-polystable) if and only if B is GIT semistable (resp. GIT polystable). In particular, any smooth X is K-stable hence admits Kähler-Einstein metrics.
Proof. The "if" direction follows from Theorem 5.1 and [LX19] where it is shown that B is GIT semistable (resp. GIT polystable) if and only if it is K-semistable (resp. K-polystable). For the "only if" direction, assume that X is K-semistable (resp. K-polystable). Then Theorem 1.2 implies that (P 4 , 2 3 B) is K-semistable (resp. K-polystable). By Paul-Tian's criterion [PT06, Theorem 1] (see also [ADL19, Theorem 2.22]), we know that B is GIT semistable (resp. GIT polystable).
When X is smooth, we know that B is smooth hence GIT stable. Thus X is K-polystable by the argument above which implies that X is K-stable since it has finite automorphism group. Then the existence of Kähler-Einstein metrics follows from [CDS15, Tia15] . The proof is finished.
